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(~| , Abstract 



We compute the statistical potential between two particles in the coherent state formalism 
on the deformed configuration space. The result obtained by using the coherent states having 
a further degree of freedom (proposed in |20| ) is compatible with Pauli's exclusion principle 
reassuring the fact that noncommutative quantum mechanics may in some way encode the 
QQ . notion of physical extent and structure. 
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There seems to be growing consensus that our notion of spacetime has to be drastically 
revised in a consistent formulation of quantum mechanics and gravity [U [2]. One possible 
^ , generalization, suggested by string theory [3], which has attracted much interest recently is 
^ I that of noncommutative spacetime [1]. This led to intense activities on the possible physical 
consequences of noncommutativity in quantum mechanics [5]-[TT], quantum electrodynamics 
[T2j . the standard model [l3]-[16] and cosmology [17f JSJ. 

An interesting feature of noncommutative quantum mechanics and quantum field theories 
that has been observed in the literature is that such theories admit a description in terms of 
extended objects. Indeed, it has been shown }19j that a free particle moving in the noncommuta- 
tive plane can be thought of as two oppositely charged particles interacting through a harmonic 
potential and moving in a strong magnetic field. This demonstration therefore suggests that 
noncommutative quantum mechanics may in some way encode the notion of physical extent and 
structure thereby admitting a description in terms of extended objects. 

The notion of spatial extent and structure within the formulation of quantum mechanics on 
noncommutative plane has been explored recently |20j by introduction of coherent states over 
noncommutative configuration space and the notion of a weak measurement as implemented 
through an appropriate positive operator-valued measure. The essence of the approach is the 
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introduction of position for the particle, which can be done rigorously in the formalism of [21]. It 
has been argued in [20] that this additional structure may be interpreted as the physical extent. 
This was done by first considering the path integral representation found in |22j. 

In this paper, we shall study the interaction potential between two particles using coherent 
state formalism developed in [21]. We shall carry out our computations using the coherent states 
introduced in [21] (satisfying a deformed completeness relation as we shall see below) and then 
repeat the same exercise with the ones having a further degree of freedom introduced in [20] . 

To begin with, we present a brief review of the formulation developed in [2T]. The first step 
is to define classical configuration space. In two dimensions, the coordinates of noncommutative 
configuration space satisfy the commutation relation 

[x,y]=ie (1) 

where without loss of generality it is assumed that is a real positive parameter. Using this, it 
is convenient to define the creation and annihilation operators 

1 - 1 

[x + iy) , 61" = — =(x-iy) (2) 



26 V2^ 

that satisfy the Fock algebra \b,o^] = 1. The noncommutative configuration space is then 
isomorphic to the boson Fock space 

W. = span{|n)^4^(6tr|0)}^=g° (3) 



where the span is taken over the field of complex numbers. 

The next step is to introduce the Hilbert space of the noncommutative quantum system. We 
consider the set of Hilbert-Schmidt operators acting on noncommutative configuration space 

-Hq = {V'(x, y) : ^{x, y)eB {Uc) , tIc{^pHx, y)^{x, y)) < oo} . (4) 

Here trc denotes the trace over noncommutative configuration space and B (T-Lc) the set of 
bounded operators on Tic- This space has a natural inner product and norm 

y),%l){x,y)) = trc((A(x, y)H{x, y)) (5) 

and forms a Hilbert space [23]. To distinguish it from the noncommutative configuration space 
Tic, which is also a Hilbert space, we shall refer to it as quantum Hilbert space and use the 
subscripts c and q to make this distinction. Furthermore, we denote states in the noncommu- 
tative configuration space by |-) and states in the quantum Hilbert space by -0(^,2/) = IV') and 
the elements of its dual (linear functionals) by (V'l, which maps elements of T-Lq onto complex 

numbers by ((/)|'0) = (^jV') = ti'c ('/'(^j y)^V^(^^) 2/)) • 

Assuming commutative momenta, a unitary representation of the noncommutative Heisenberg 
algebra in terms of operators X, y, Px and Py acting on the states of the quantum Hilbert space 
([!]) is easily found to be 

X'ip{x,y) = xil){x,y) ; Y^p{x,y) = ytlj{x,y) 

Px^{x,y) = ^[y,ilj{x,y)] = -i ^^^^'^^ 

Pyipix,])) = -'^[x,ip{x,y)] = -i ^^^g^^^ ■ (6) 

We use capital letters to distinguish operators acting on quantum Hilbert space from those 
acting on noncommutative configuration space. 
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It should be mentioned that the more standard approach to noncommutative quantum field 
theory and noncommutative quantum mechanics is to deform the algebra of functions into a 
noncommutative algebra through the introduction of a, in general non-unique, star product. 
The current approach turns out to be equivalent to this as was shown in [21] and [25]. The 
present approach, however, offers a number of advantages. In the context of noncommutative 
quantum field theories it provides a much more systematic and unambiguous derivation of the 
energy- momentum tensor [24] . In the case of noncommutative quantum mechanics it gives 
greater clarity on the issue of choice of star product, e.g. Voros versus Moyal, as well as the 
physical interpretations associated with this choice [25]. Furthermore, this is the only approach 
that has been used successfully to solve the noncommutative Schrodinger equation for non-trivial 
potentials, i.e., apart from the free particle and harmonic oscillator. Indeed, explicit solutions 
for the noncommutative well in two dimensions were constructed in |26j using this approach. 

The minimal uncertainty states in noncommutative configuration space, which is isomorphic 
to boson Fock space, are well known to be the normalized coherent states j27j^ 

|z) = e-"""/2e"^^|0) (7) 
where, z = {x + iy) is a dimensionless complex number. These states provide an overcom- 



plete basis in the noncommutative configuration space. Corresponding to these states we can 
construct a state (operator) in quantum Hilbert space as follows 

\z,z) = \z){z\. (8) 

These states also have the property 

B\z,z) = z\z,z) ■ B = + iY) . (9) 



^26 

Writing the trace in terms of coherent states and using = e"'^""^'^ it is easy to see that 

iz,z\w,w) = trc{\z){z\w){w\) = = e-l^-"'l' (10) 

which shows that \z, z) is indeed a Hilbert-Schmidt operator. We can now construct the 'position' 
representation of a state {i/j) = ip{x,y) as 

{z,z\i;)=tr,{\z){z\i;{x,y)) = {z\tP{x,y)\z) . (11) 

In particular, introducing momentum eigenstates normalised such that {p'\p) = S{p — p') 



P = Px + iPy , P = Px- iPy 

satisfying the completeness relation 

'' d^P \p){p\ = Iq (13) 

we observe that the wave-function of a free particle on the noncommutative plane is given by 
[281 [211 [221 [29] 



(z,z\p) = J-L^e-^PPe^^^P'+P'^ . (14) 

V 2TTh 



^Note that we restrict ourselves only to the coherent states as they provide a particularly convenient basis. 
However, they are not the only minimal uncertainty states. 
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The position eigenstates \z,z), on the other hand satisfy the following completeness relation 

'Z,Z) *2 {Z,Z\ = Ig (15) 



where the star product between two functions f{z, z) and g{z, z) is defined as 

f{z, z) g{z, z) = f{z, z)e^-^^^g{z, z) (16) 
with dz = and 8^ = This implies that the operators 

tiz = ^\z,z)e^-^^^{z,z\ , Jdxdyllz = lg (17) 

provide an operator- valued measure in the sense [30]. We can then give a consistent probability 
interpretation by assigning the probability of finding the particle at position (x,y), given that 
the system is described by the pure state density matrix p = \ip){ip\, to he 

P{z) = trg{Uzp) = {mz\ij) = ^{xlj\z,z)e^^^^{z,z\i;) (18) 



J dxdy P{z) = 1 



where tvq denotes the trace over the quantum Hilbert space. 

With the above formalism in place, we now proceed to investigate the statistical potential 
between two particles. Let us consider two particles in the canonical ensemble described by a 
density matrix 

p = }_^-mP) . l3 = l/{kBT) (19) 

where H{P) is the free Hamiltonian and Z = trq{e~^^^^^) is the partition function of the 
system. 

The probability of finding the particles at positions zi and Z2 is now given by 

Pizi,Z2) = trg{Ut^^,J) 

= ■:^trqi\^l^Z'i)±*zi,Z2 ±{zi,Z2\p) (20) 

where the physical states \zi, Z2)± is given by 

\Z1,Z2)± = {\ZI,ZI)\Z2, Z2) ± \Z2, Z2)\zi,Zi)} (21) 

and the +(— ) signs stand for bosons(fermions). 

To proceed further, we exploit the fact that the star product can be decomposed as 

Jhd. ^ f '^^^^ ^-\u\^+ud,+uK ^ (22) 
J IT 

We shall now use this form of the star product to compute ^(^1,2:2) in eq. (pO|) . However, we 
must be careful to ensure that the derivatives with respect to zi and Z2 only act on the ket 
\zi,Z2)±, whereas the derivatives with respect to zi and Z2 only see the bra ±(21,2:2!. To ensure 
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this we will temporarily let Z2)± — ?• \wi,W2)± and then let wi — )■ zi and W2 — ?• Z2 at the end 
of the computation. Thus, we have 



P{Z,,Z2) 



— lim 



dudu dvdv 



IT IT 



dudu dvdv 



^-\u\'^+ud^+udz ^-\v\'^+vdz+vd^ 



X ±{zi,Z2\e 



Wi,W2)± 



± / d^pd^ 



f.-m{p)+H{k)) ^-^\p-k\'^ ^l.^{{p-k){z^-Z2)Hp-k){^l-^2)} 



where H{p) is the eigenvalue of the operator H{P) in the eigenstate \p). 

Putting H{p) = p^/{2m) (the non-relativistic form of the Hamiltonian) , we obtain 



(24) 



P{ZI,Z2) 



1 f m 



1 ± 



■ exp 



26'm 



\Zl - Z2\ 



(25) 



^r + 26lm V I3n^ + 2em 
The partition function Z of the system can be obtained from the normalization condition 

j dxidyidx2dy2 P{zi,Z2) = 1 (26) 



and reads in the limit of the area of the system A — )• 00 
Substituting the value of Z in eq. ()25p . we have 



(27) 



F(Z1,Z2) = 



1 ± 



exp 



13%^ + 2em 



Zl - Z2\ 



(28) 



Remarkably, the above result shows that there is a finite probability of two fermions sitting at 
the same place. Similar results had been obtained earlier in the context of twist approach to 
noncommutative quantum field theory |3H I32j . However, in this paper we have not made use 
of this (twist) approach to obtain the above result. The result is indeed a consequence of the 
coherent state formalism on the deformed configuration space ^ developed in [21]. 
We now move on to carry out the same exercise using the coherent states (introduced in |20]) 
favouring the description of noncommutative quantum mechanics in terms of extended objects. 
To proceed, let us consider the resolution of the identity (|15p on the quantum Hilbert space 'H.q. 



{wi,wi\e~^^\zi,zi){w2,W2\e~^^\z2, ^2) ± (wi, tt)i|e"^^|z2, ^2)(w^2, W2\e~'^^\zi, zi) (23) 

where in the second line of the above equation, we have used the fact that for non-interacting 
particles, the Hamiltonian has the form of a sum of two single-particle Hamiltonians, i.e. H = 

Hi®l2 + h®H2. 

Introducing a complete set of momentum eigenstates (|13p and using eq. ()14p . the above expression 
simplifies 
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It is easy to see (by using the decomposition of the star product -kz = e^^'^^ (j22p ) that one can 
write down the identity operator Iq in the quantum Hilbert space 1-Lq as 

\z,v)iz,v\ (29) 



dzdz f dvdv 



IT J IT 

where the states \z,v) are defined as 

\z,v) =e-^''/^e^^^\z,z) (30) 

and are coherent states in z with a further degree of freedom since they satisfy 

B\z,v) = z\z,v) , V f . (31) 

From eq. (j29p it is evident that the states \z, v) form an overcomplete set in the quantum Hilbert 
space Tiq. Consequently, one may associate a positive operator valued measure with them, 
namely 

n2,„ = -\z,v){z,v\ (32) 

TT 

as Ilz,v is positive and Hermitian on the quantum Hilbert space Tig and integrates to the identity. 
As a result of this, one can once again define the corresponding probability distribution in z and 
V, assuming a pure-state density matrix p = 



P{z, v) = trqiptlz,^) = {iP\tizA^). (33) 

This probability gives us information not only about the position z but also about a further 
degree of freedom given that the system is prepared in state ip. It is easy to see that the prob- 
ability of finding the particle localized at point z (without detecting any information regarding 
z) can be obtained from P{z, v) by integrating over all v. 

Pi,) ^ I FW.) (34) 

with 

- f dvdv - / X 

n. = y ^ n,,„ . (35) 

The physical interpretation of the additional degrees of freedom (v) has been discussed in [20]. 
With the above formalism in hand, we now move on to evaluate the probability of finding two 
particles at {zi,vi) and {z2,V2)'- 

P{zi,Vi;Z2,V2) = trq{Uf^,,^.^^^^J) 

= ±{zi,Vi; Z2]V2\e~'^"'^^'^\zi,Vi] Z2,V2)± 

N 



^(^)|z2,t^2)±|(^i,^;i|e-^^(^)| 

(36) 

where A'" is some constant which has to be fixed from eq.(s) (j34l [28]) . 
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Introducing once again a complete set of momentum eigenstates ([13]) and using the overlap 



we obtain 



X |l ± e"^l^^"^'l'e~i^^l''^"^'l'+(''i"''')(^"i~^"')+(^'"^')(^^"^')^| (38) 

where G = + . The above result clearly shows that there is a finite probability of 
two fermions (having different degrees of freedom vi ^ V2) sitting at the same place {zi = Z2) 
consistent with our earlier observation made from eq. (j28p . However, the probability vanishes 
when both zi = Z2 and vi = V2- This is indeed remarkable since the introduction of the 
new degrees of freedom is compatible with Pauli's exclusion principle. This is reassuring as 
this computation suggests that noncommutative quantum mechanics may in some way admit a 
description in terms of extended objects [20] . 
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